It is shown that T -spectrum representable cohomology theories on smooth algebraic varieties satisfy normalization condition over nonreal fields. As a consequence, one can see that the rigidity property holds for all representable theories over considered fields.
Introduction
Consider some category of schemes (spaces) S over a base scheme (space) B together with a cohomology theory E * : S op → Ab. We say that E * satisfies rigidity if for every irreducible scheme (arc-connected space) X χ → B, any two sections σ 0 , σ 1 : B → X of the structure morphism χ induce the same homomorphism
. (Here and below we will omit the bigrading of scheme cohomology groups.) In classical topology, the rigidity property is an obvious consequence of homotopy invariance of cohomology theories. However, in algebraic geometry A 1 -invariance does not always imply rigidity. (See [16] for details.) It only holds under certain restrictions on the category S and the cohomology theory E * . Rigidity property played an important role in the calculation of algebraic K-groups of fields [12] and Henselian rings. One should mention corresponding results obtained for algebraic K-functor with finite coefficients by Suslin, Gabber, and others (see [1, 2, 13, 14] ). Similar results for hermitian K-theory are given in [4, 6] , and for Witt groups in [7] , [10, p. 208] .
In [3] , the author, together with Jens Hornbostel, established the rigidity property and some of its corollaries for every cohomology theory represented by a T -spectrum and satisfying the so-called normalization condition (see loc. cit., Definition 1.3). This gives a complete investigation of the orientable case; however, unorientable cohomology theories (such as Witt groups or cohomotopy) are more subtle. Generally, for a given cohomology theory it is not obvious whether the normalization property is satisfied over a concrete field. Below we will show that for the category of smooth separated schemes of finite type (algebraic varieties) over a nonreal field the normalization condition automatically holds for every T -representable theory that makes the main result of [3] a powerful tool to study unorientable theories.
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The main result
Consider a category S m/k of smooth algebraic varieties over a field k. Also consider a category of pointed varieties Sm + /k whose objects are pairs (X, * → X) consisting of a variety and a morphism of the basepoint to it. The category S m/k can be embedded in the category of sheaves in the Nisnevich topology or spaces Spc/k := Shv Nis (Sm/k ). The embedding functor sends a scheme V to a presheaf Hom S m/k (−, V ) represented by V that automatically happens to be a sheaf in the Nisnevich topology (see details in [15] ). The same procedure works for pointed varieties and one finishes in the category Spc + /k of pointed spaces. Below, we will identify varieties with corresponding representable sheaves and call them spaces.
Since the category Spc + /k admits all small limits and colimits, one can define the wedge sum X ∨ Y of two pointed spaces as the colimit of the diagram:
For a given morphism Y f → X one sets X/Y as the colimit of the diagram:
One also defines the smash-product of two pointed spaces as
Finally, following Voevodsky, we define the 0-sphere S 0 as Spec k + and the simplicial sphere S 1 := A 1 /S 0 , where the embedding map S 0 → A 1 sends Spec k to the point {0}.
From now on we pass to the stable homotopy category of symmetric T -spectra Sp Σ T /k (see [5] ). The functor Σ ∞ T sends a pointed space to a suspension T -spectrum. 1 Here and below * denotes the terminal object of a category.
Abusing the notation we will often use the same letters for spaces like G m , P 
given by the standard embedding
Proof. Following Morel, consider the distinguished square:
Here the left vertical arrow is the suspension of the Hopf map. Its cone, as it follows from the square above, is isomorphic to P 2 /A 
The homotopy class of −1 can be represented by the morphism ϕ :
One can easily see that the corresponding matrices ( 0 1 1 0
are SL 2 -equivalent and, therefore, induce the same homotopy class. The morphism ϕ acts as ε being restricted to G m → P 1 and swaps two standard copies of A 1 lying into P 1 . Since P 1 = S 1 ∧ G m , one can see that ε = − −1 . Using similar matrix argument as above, one sees that the morphism τ :
, interchanging two copies of P 1 in the smash-product, corresponds to the
. Since P 1 is a suspension of G m , this implies that the homotopy class of the induced morphismτ :
. Composingτ andη and taking into account commutativity of the product in G m , one sees that ηε = η.
Finally, embedding G m × G m into A 2 − {0}, we obtain that the Hopf morphism is homotopy equivalent to S 1 -suspension of the morphism Σ The statement H ηε η above together with the explicit calculation of the morphism ε implies that ( −1 * + id)H * = 0. Subtracting ( −1 * − id)H * from the former and multiplying by some large enough power of 2, we get the desired result.
Let us recall that a field k is called formally real if −1 is not a sum of squares in k. Otherwise, k is said to be nonreal. Finally, let us give some explicit examples of fields satisfying the conditions of Proposition 2.4. Example 2.7. As it was well-known before, every cohomology theory has rigidity property over quadratically closed fields. Certainly, this case is covered (at least for perfect fields) by our result.
Example 2.8. Every perfect field of finite characteristic ( = 2) also satisfies the conditions of our proposition, as −1 is obviously a sum of squares.
Example 2.9. Let k be a field, containing for some prime p a field Q p of rational p-adic numbers. Let us show that this field is nonreal. Certainly, it is sufficient to check that every p-adic integer is a sum of squares. For example, one can write any x ∈ Z p as x = 1 + 1 + · · · + 1 + y such that y ≡ 1 mod n(p), where n(p) = p for p > 2 and n(2) = 8. By a well-known property of p-adic numbers (see, for example, [11, II.3.3] ) y is a square in Z p that proves the desired property.
